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ABSTRACT





     In this paper it is demonstrated that the technique of  Model Based Parameter Estimation (MBPE), specifically Cauchy's Method, can be used in the frequency domain to extrapolate/interpolate a narrowband set of system data or information to a broadband set of data or information.  The information can be either computed data or measured experimental data over a frequency band.  For computed data the sampled values of the function and a few derivative values are used to reconstruct the function.  For measured data only sampled values of the function are used as derivative values are too noisy.  Cauchy's method is based on applying the principle of analytic continuation to a complex, hard to specify function, analytic except at isolated poles, that represents the frequency domain property of interest.  Such a function can be represented by a ratio of two polynomials, a reduced order model, which can be considered to be a variant of model abstraction (Frantz. 1996).  A procedure is outlined for determining the order of the polynomials and their coefficients using the methods of Singular Value Decomposition (SVD) and  Total Least Squares.  The method is applied to a selected set of frequency domain problems to illustrate the accuracy and versatility of the method.








INTRODUCTION





     In numerous engineering applications it is necessary to determine information about the engineering observables of interest over a broad range.  In radar cross section (RCS) applications this means determining the monostatic or bistatic RCS of an object , such as an aircraft, over a very large number of directions and ranges of frequencies.  Antenna applications also require comparable amounts and kinds of information about the antenna radiation pattern and input impedance.  The first principles electromagnetic models that are required to determine the observables of interest are very complex and detailed.  Generation of this information, whether by measurements or computation using computer simulation is very time consuming and expensive.  At best, engineering observables currently can be determined most quickly and cost effectively only over limited parameter ranges.





     Cauchy’s method ( Kottapalli 1991), (Adve 1993), a variant of  Model based Parameter Estimation (MBPE) (Miller 1998) in the frequency domain, is an extrapolation/interpolation technique that uses a reduced order model to generate the values of an engineering observable over a wide range using measured or computed observable data over a very limited range.  Measurements or computation thus are required only at a limited number of parameter values.  MBPE techniques in the frequency domain approximate a first principles engineering detailed model that determines an observable of interest with a reduced order model consisting of a ratio of two polynomials.  The observable and a few of its derivatives at a few sample points then are used to evaluate the order of the polynomials and their expansion coefficients.  Once these reduced order model unknowns are determined, they can be used to generate quickly the observable values aver the entire range of interest.





     Rational polynomials have been used extensively to model frequency domain responses of systems.  The most popular approach is to use Pade approximations based on a Taylor series expansion of an observable around a sample point where the observable is known.  The method of Asymptotic Waveform Evaluation (AWE) is such an approach (Erdemli 1998).  Cauchy’s method does not use a Taylor series expansion around a set of parameter sample points but rather the unknowns are determined using Singular Value Decomposition (SVD) (Golub 1989) and the method of Total Least Squares. (Van Huffel 1990)  SVD also allows an estimate to be made of the required orders of the approximating polynomials and to determine if the Cauchy’s method is applicable to the measured or computed data at hand and if a reliable interpolation/extrapolation can be carried out by examining the distribution of the singular values.





     This paper is organized as follows.  The theory on which Cauchy’s method is based is described and the basic equations and expressions are summarized.  The utility of the theory is demonstrated using a selected set of problems in electromagnetics including the RCS of a sphere and flat plate, filter analysis and device characterization.  The RCS data is generated using a Method of Moments (MoM) technique (Harrington 1982) while the filter and device analysis relies on measured data.  The examples show that Cauchy’s method is an economical, robust and accurate extrapolation/interpolation method to supplement detailed calculation or measurement of engineering quantities.








THEORY





     Let H(s) be a complex function of the parameter s (frequency in this case) which models the response of a physical system.  Assuming that H(s) is analytic at all points except for isolated poles the principal of analytic continuation can be used to construct a reduced order model of H(s) as a ratio of two polynomials.








� EMBED Equation  ���				(1)
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� EMBED Equation  ���				(2)


and


� EMBED Equation  ���				(3)





Let the value of � EMBED Equation  ���and its � EMBED Equation  ���derivatives be given at a set of frequency points � EMBED Equation  ���where j = 1, J.  The problem to solve is to find the values P, Q and the polynomial coefficients in Eqns, (1) - (2) given the data.  The solution will be unique only if the number of samples N is greater or equal to the number of unknown quantities P + Q + 2, i.e.





� EMBED Equation  ���			(4)





We enforce the equality in Eqn. (1) and rearrange to obtain





� EMBED Equation  ���					(5)





Differentiating Eqn. 4 � EMBED Equation  ��� times we obtain the expression





� EMBED Equation  ���		(6)





where � EMBED Equation  ��� and � EMBED Equation  ���, � EMBED Equation  ���, � EMBED Equation  ���are the � EMBED Equation  ���derivatives of the respective polynomial and system functions at the point � EMBED Equation  ���.





     Using the polynomial expansions for A(s) and B(s) it can be shown that Eqn. 6 can be put into the form





� EMBED Equation  ���			(7)





where the matrices � EMBED Equation  ��� and � EMBED Equation  ��� are defined by the relations





� EMBED Equation  ���			(8)


and


� EMBED Equation  ���	(9)





where � EMBED Equation  ��� , � EMBED Equation  ��� and � EMBED Equation  ��� if � EMBED Equation  ��� and � EMBED Equation  ��� otherwise.  Using Eqns. (8)-(9), Eqn. 7 can be written in the following matrix form





� EMBED Equation  ���					(10)





where � EMBED Equation  ��� has order � EMBED Equation  ��� , � EMBED Equation  ��� has order � EMBED Equation  ��� and � EMBED Equation  ���and � EMBED Equation  ���are column vectors of length � EMBED Equation  ��� and � EMBED Equation  ��� respectively.





     It is now possible to solve Eqn. 10 for the polynomial orders P and Q as well as the polynomial coefficients.  The first step is to rewrite Eqn. 10 as an augmented matrix equation





� EMBED Equation  ���			(11)





where the matrix � EMBED Equation  ��� has order � EMBED Equation  ��� and the column vector given by � EMBED Equation  ���has length � EMBED Equation  ��� and the symbol � EMBED Equation  ��� denotes the transpose.  A Singular Value Decomposition (SVD) operation now can be performed on the matrix � EMBED Equation  ��� and the number and spread of the resulting non-zero eigenvalues used to estimate the required values of the polynomial orders P and Q.  Upon obtaining the P and Q values, the method of Total Least Squares is applied to Eqn. 10 to determine the polynomial coefficients.








APPLICATIONS





     A representative set of applications are discussed in this section which demonstrate the versatility and accuracy of Cauchy’s method in abstracting computational electromagnetics (CEM) information from first principles computed data..  The first principles CEM technique chosen to generate the computed electromagnetic data for the first two examples, which illustrate the determination of the monostatic radar cross section (RCS) ) of simple metallic objects as a function of frequency, is the Method of Moments (MoM).  The electromagnetic observables of interest are computed by first solving Maxwell’s equations in integral form for the induced currents on the metallic objects .  The complex equation is represented compactly by the following operator equation





� EMBED Equation  ���					(12)





where � EMBED Equation  ��� is the induced surface current density on the metallic object which produces the scattered filed; � EMBED Equation  ���, the known excitation of the object, and � EMBED Equation  ��� , the integral operator which relates the excitation to the induced sources.  Its specific form is not important for our purposes her
